Abstract. The aim of the paper is to present some improvements of an extended Cauchy-Schwarz inequality for four vectors in a real inner product space and derive certain consequences.
Introduction
In [5] , Harvey generalizes the well-known Cauchy-Schwarz inequality,
to an inequality involving four vectors, namely: Proof. By simple calculations, we obtain the statements. THEOREM 1. Let X be an inner product space. For any elements a, b, c, d ∈ X , there are u, e, f ∈ X , u ⊥ a, e ⊥ Sp{a, u} , f ⊥ Sp{a, u} and α, β , p, q ∈ R, such that
Proof. There is λ ∈ R and u ∈ X , such that b = λ a + u and u ⊥ a . Also there is μ ∈ R and v ∈ X , such that d = μc + v and v ⊥ c. We obtain
On the other hand, using Lemma 1 -b), c), f) we obtain
There are α, β , p, q ∈ R and e, f ∈ X , such that c = αa + β u + e, and e ⊥ Sp{a, u}; v = pa + qu + f , and f ⊥ Sp{a, u}.
But using relations b)-g) from Lemma 1, we have 
Then we get By replacing these relations in (6) we obtain
where
Therefore we have
We obtained (5). REMARK 1. Relation (5) from Theorem 1 can be written in an equivalent mode
because a ⊥ (α f − pe) and u ⊥ (β f − qe).
REMARK 2. Another proof of Corollary 1 can be given using the Gramian.
COROLLARY 2. Let X be a real inner product space. For any a, b, c, d ∈ X we have
Proof. We apply Theorem 2 and the inequality (x+y) 2 4|xy|, with
REMARK 3. The inequality in Corollary 2 is the generalization for arbitary inner space of the result given [5] , for the space R n .
We pass now to obtain an other improvement of inequality (8).
LEMMA 2. For any a, b, c, d ∈ X we have
Therefore we obtain
It follows the statement.
Using the above lemma we obtain: With these notations we have
On the other hand,
which implies the following inequality
From the proof of Theorem 1, we find
So, we can calculate the following
We know that
c).
Relation (11) becomes
and using Lemma 2 we obtain
Combining relations (10), (12) and taking into account that Γ(a, u; c.v) = Γ(a, b; c, d) we obtain the statement The result given in Corollary 2 could be extended in the following mode.
COROLLARY 3. Let X be a real inner product space. For any integer n 2 and any elements x 1 , x 2 ,... ,x n ∈ X , y 1 , y 2 ,... ,y n ∈ X there holds
Proof. We have
Therefore the inequality given in (13) reduces to the following inequalities
for all the pairs of integers (i, j), such that 1 i < j n . Then we can apply Therefore, we deduce
This inequality is an improvement of the inequality
given by Dragomir ([4] , Theorem 2.1).
We present an application of Theorem 2 to S n numbers. Recall that if (X, ·, · ) is a inner product space and {e 1 ,... ,e n } is an orthonormal system of vectors of X , then for any vectors x, y ∈ X , we define as in [6] :
x, e k y, e k ,
x, e k e k . COROLLARY 4. Let {e 1 ,... ,e n } be an orthonormal system in the inner product space X . Let 1 , 2 ∈ X , linearly independent, such that e k , i = 0 , for k = 1, n and i = 1, 2 . Then, for any vectors x, y ∈ X we have
Proof.
With the above notation we obtain immediately
From relations (4) and (15) we obtain
From the properties of vectors 1 , 2 we obtain for any vectors x, y ∈ X :
We apply Theorem 2 with the choice a :=x , :=ŷ, c := 1 , d := 2 and we get
From relations (16), (18) and (17) we obtain relation (14).
REMARK 5. Relation given in (14) and is an improvment of the inequality given by Kechriniotis and Delibasis [6] :
An other variant of inequality (8) is given in the next theorem. But, we have the property det AB = detA · detB.
So, we deduce Using inequality (5) we obtain the desired inequality. 
see ( [2] ). Therefore, from [1] , using the relation:
we obtain that
In what follows we obtain an other inequality in conection with relation (2). 
